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Field Theory

Traditionally, Physics has been interested in describing the
evolution of a particle’s position in time (i.e., its dynamics)
through some equations of motion

We can see the equations of motion as describing a (smooth)
trajectory through space-time, R3 × R = R4



Field Theory

Tensor fields in space R3 may also change through time

Field theory assigns equations of motion defining the
dynamics of fields

g



Field Theory

The evolution of the field is enconded in the action
functional, S[A, ∂A], such that, at all x⃗, t, the value
of the field minimizes the action



Field Theory

The evolution of the field is enconded in the action
functional, S[A, ∂A], such that, at all x⃗, t, the value
of the field minimizes the action
Example: Consider the field of scalars A(x, t) with
A(x, 0) = sin(x) and with action

S =
∫ (

∂
∂xA

)2

−
(

∂
∂tA

)2

dx dt. Then the minimizer of the

action, A(x, t), is as



Field TheoryQuantum

Once we move to the quantum realm, we cannot
deterministically “follow” particles through space-time anymore

Classical Quantum

small
===⇒

We can only talk about the probability of the particle, leaving
from the position x⃗0, to reach some position x⃗ at time t

probx⃗0
(x⃗, t)

Topological



Field TheoryQuantum

Classical Quantum

small
===⇒

The same idea works for fields, that is we only know them at
the beginning and at the end of the experiment

But we may similarly ask for the probability of an initial field
A0 to become A after some time t

probA0
(A, t)

Topological



Field TheoryQuantum

Quantum mechanics describes this probability by linear algebra

U

space

(3-manifold)

vector

unitary linear
operator

associate the field A0 to a vector v0 in H
associate the field A to a vector v in H

associate space R3 to some Hilbert space H, ⟨·, ·⟩

there is a unitary operator U : H → H such that

probA0
(A, t) = |⟨v, Uv0⟩|2

Topological



Field TheoryQuantum

Quantum mechanics describes this probability by linear algebra

associate the field A0 to a vector v0 in H
associate the field A to a vector v in H

associate space R3 to some Hilbert space H, ⟨·, ·⟩

there is a unitary operator U : H → H such that

probA0
(A, t) = |⟨v, Uv0⟩|2

)
+ S
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+ S
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(
the operator U is given by “adding” the actions evaluated
at all possible fields from t0 to t

Topological



Field TheoryQuantum

Quantum mechanics describes this probability by linear algebra

associate the field A0 to a vector v0 in H
associate the field A to a vector v in H

associate space R3 to some Hilbert space H, ⟨·, ·⟩

there is a unitary operator U : H → H such that

probA0
(A, t) = |⟨v, Uv0⟩|2

)
+ S

( )
+ S

( )
+. . .“=”U S

(
the operator U is given by “adding” the actions evaluated
at all possible fields from t0 to t

Once we fix S, the linear operator U depends solely on
the geometry/topology of the ambient manifold of
space-time M

Topological



Field TheoryQuantum

A d-cobordism is a triple (M ; Σ1,Σ2)
consisting of a d-dimensional compact
manifold M , with two closed
d− 1-dimensional manifolds for boundary,
Σ1,Σ2

Σ1

Σ2

M

Topological



Field TheoryQuantum

A d-cobordism is a triple (M ; Σ1,Σ2)
consisting of a d-dimensional compact
manifold M , with two closed
d− 1-dimensional manifolds for boundary,
Σ1,Σ2

Σ1

Σ2

M

The class of all d-cobordisms (up to orientation preserving
diffeomorphisms∗) forms a monoidal category

Σ1
M−→ Σ2 Σ1

M1−−→ Σ2 ◦ Σ2
M2−−→ Σ3

glue

(dCob, ◦,⊔, ∅)

Σ1⊔Σ2
M1⊔M2−−−−−→ Σ3⊔Σ4 ∅ M−→ Σ1

Topological

∗The usual definition of the category dCob usually does not include the quotient by diffeomorphisms, but this means changing a little the
definition of TQFTs



Field TheoryQuantum

A d-cobordism is a triple (M ; Σ1,Σ2)
consisting of a d-dimensional compact
manifold M , with two closed
d− 1-dimensional manifolds for boundary,
Σ1,Σ2

Σ1

Σ2

M

=

Ex.: 1Cob 2Cob 3Cob

+

+ + + +

+

- -

The class of all d-cobordisms (up to orientation preserving
diffeomorphisms) forms a monoidal category

(dCob, ◦,⊔, ∅)

Topological



Field TheoryQuantum

A d-dimensional Topological Quantum Field Theory (TQFT)∗

is a monoidal functor
Z : (dCob, ◦,⊔, ∅) → (Hilb, ·,⊗,C)

Z

( )
= Z

( )
· Z

( )

matrix multiplication

Z

(
⊔

)
= Z

( )
⊗ Z

( )
Z

(
⊔

)
=Z

( )
⊗ Z

( )

Z(∅) = CZ

( )
= (H, ⟨·, ·⟩) Z

( )
= H1

L−→ H2

Topological

∗ The usual definition of TQFT is a little bit less restrictive, but we again do not care



Field TheoryQuantum

Example: 1-TQFTs are in one-to-one relation with finite
dimensional Hilbert spaces

+ − ) = idV ) = idV ∗) = V ) = V ∗
Z( Z( Z( Z(

Topological



Field TheoryQuantum

Example: 1-TQFTs are in one-to-one relation with finite
dimensional Hilbert spaces

+ − ) = idV ) = idV ∗) = V

Example:4-TQFTs will be of the exact form that Physicists
use

space R3 Z−→ Hilbert space

space-time R4 Z−→ linear operator

S fixed Z

) = V ∗
Z( Z( Z( Z(

Topological



Field TheoryQuantumTopological

MA compact closed d-dimensional manifold can

be seen as cobordism ∅ M−→ ∅
∅ ∅

What if the action does not depend on the metric?

Invariants of



Field TheoryQuantumTopological

They are mapped to C → C linear operators
(i.e., scalars) C C

M

Z(M)

Z

A compact closed d-dimensional manifold can

be seen as cobordism ∅ M−→ ∅
∅ ∅

What if the action does not depend on the metric?

Invariants of



Field TheoryQuantumTopological

Because elements of dCob are defined up to diffeomorphisms,
the scalar depends only on the diffeomorphism type of M

They are mapped to C → C linear operators
(i.e., scalars) C C

M

Z(M)

Z

A compact closed d-dimensional manifold can

be seen as cobordism ∅ M−→ ∅
∅ ∅

What if the action does not depend on the metric?

f

M1 M2

diff.
=⇒ Z(M1) = Z(M2) =⇒

Z(M) is an
oriented

diffeomorphism
invariant

Invariants of



Field TheoryQuantumTopological

Because elements of dCob are defined up to diffeomorphisms,
the scalar depends only on the diffeomorphism type of M

They are mapped to C → C linear operators
(i.e., scalars) C C

M

Z(M)

Z

A compact closed d-dimensional manifold can

be seen as cobordism ∅ M−→ ∅
∅ ∅

What if the action does not depend on the metric?

f

M1 M2

diff.
=⇒ Z(M1) = Z(M2) =⇒

Z(M) is an
oriented

diffeomorphism
invariant

d-dimensional TQFT =⇒ invariant for d-dimensional
compact closed manifolds

Invariants of



Field TheoryQuantumTopological

What if the action does not depend on the metric?

Example: 1-TQFTs are in one-to-one relations with finite
dimensional Hilbert spaces and the induced invariant on S1

always equals 1

+ − ) = idV ) = idV ∗) = V ) = V ∗
Z( Z( Z( Z(

Z( ) = 1



Field TheoryQuantumTopological

What if the action does not depend on the metric?

Example: from 3-TQFT on, things become much more
complicated, but TQFT invariants still have received plenty of
attetion (e.g., Witten-Reshetikhin-Turaev invariants, etc)

Example: 1-TQFTs are in one-to-one relations with finite
dimensional Hilbert spaces and the induced invariant on S1

always equals 1

+ − ) = idV ) = idV ∗) = V ) = V ∗
Z( Z( Z( Z(

Z( ) = 1



Computing TQFTs: what gives?

Fix an object Σ in dCob (i.e., a (d− 1)-dimensional closed
manifold) and a diffeomorphism f : Σ → Σ. Then there is a

cobordism Σ
M−→ Σ given by glueing one end with the identity

and the other with f
f

M
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Fix an object Σ in dCob (i.e., a (d− 1)-dimensional closed
manifold) and a diffeomorphism f : Σ → Σ. Then there is a

cobordism Σ
M−→ Σ given by glueing one end with the identity

and the other with f
f
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Define the mapping class group of a closed (n− 1)

Mod(Σ) = Diff+(Σ)/isotopy



Computing TQFTs: what gives?

Fix an object Σ in dCob (i.e., a (d− 1)-dimensional closed
manifold) and a diffeomorphism f : Σ → Σ. Then there is a

cobordism Σ
M−→ Σ given by glueing one end with the identity

and the other with f
f

M

Define the mapping class group of a closed (n− 1)

Mod(Σ) = Diff+(Σ)/isotopy

Lemma[Turaev, 2010; Barlett 2005]

f
M=⇒ =⇒

TQFT

{PSU matrices}

d− 1 object Σ =⇒ representation π : Mod(Σ) → PSU(V )



Computing TQFTs: what gives?

The image of the representation Mod(genus 3 surface) induced
by a 3-TQFT can be of five types in the groups PSU(V )

finite abelian infinite abelian

finite non-abelian denseinfinite non-abelian

commutability

size
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Computing TQFTs: what gives?

The image of the representation Mod(genus 3 surface) induced
by a 3-TQFT can be of five types in the groups PSU(V )

finite abelian infinite abelian

finite non-abelian denseinfinite non-abelian

commutability invariants of
computational

class “P”

invariants on computational class
#P-hard

P
NP #P“Is there one

assignment that
satisfies
¬x ∧ (y ∨ z)?”

“How many
assignments satisfy
¬x ∧ (y ∨ z)?”



Computing TQFTs: what gives?

The image of the representation Mod(genus 3 surface) induced
by a 3-TQFT can be of five types in the groups PSU(V )

finite abelian infinite abelian

finite non-abelian denseinfinite non-abelian

commutability invariants of
computational

class “P”

invariants on computational class
#P-hard

Lemma[Alagic and Lo, 2010. Theorem 3.2]: We can simulate
any quantum computer using #P-hard invariants.



References

Turaev, Vladimir G. Quantum invariants of knots and
3-manifolds. de Gruyter, 2010.

Bartlett, Bruce H. “Categorical aspects of topological
quantum field theories.” arXiv preprint math/0512103 (2005).

Alagic, Gorjan, and Catharine Lo. “Quantum invariants of
3-manifolds and NP vs# P.” arXiv preprint arXiv:1411.6049
(2014).

Abrams, Lowell. “Two-dimensional topological quantum field
theories and Frobenius algebras.” Journal of Knot theory and
its ramifications 5.05 (1996): 569-587.


